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1 Pan-STARRS Library PSLib

1.1 Math Utilities

1.1.1 Sorting

A variety of sorting algorithmsexist, with a wide rangein speedfor different set sizes. Threeof the best
sortingalgorithmsare “heapsort”,“quicksort”, and “mergesort” (see,e.g., knuth, sedgewick, press). These
threesortingalgorithmsall run in a timeof O(n log n) on theaverage,but havedifferentworse-caserun times.
Implementationsof all threesortingalgorithmsaredescribedin referencesabove andin variousplacesonline
(e.g.,http://www.iti.fh-flensburg.de/lang/algorithmen/sortieren/algoen.htm).Thelinux qsort functionusesa
heapsortif it canallocateasufficiently largetemporarybuffer, andotherwiseresortsto aquicksortin-place.The
GSL functiongsl_heapsort usestheheapsortalgorithm. Both of theseimplemenationsrequirea pointer
to thecomparisonfunction,whichmayresultin aslowercodethanif thecomparisonweredonewithin thesort
function.

For PSLib, the sorting functionsshall be implementedvia the systemqsort . The function psSort shall
returnthe sortedresultof the input arraywithout over-writing the input array. The function psSortIndex
shall returnan integer index to thesequenceof the input arraywithout overwriting the input array. Given the
following line of code:

out = psSortIndex (NULL,&in);}

theelementsof thearrayout arein thesequencein.arr[out->arr[0]] to in.arr[out->arr[in.n
- 1]] .

1.1.2 Smoothing: Boxcar and Gaussian

Smoothingmayoccasionallybeperfomedon data.We presentthealgorithmsfor two typical versions:boxcar
andGaussiansmoothing.In bothsmoothingtechniques,givenaseriesof datavaluesfi, thesmoothedvaluesgi

aredeterminedby calculatinga linearcombinationbasedon theinput datapoint andits nearest2N neighbors
in theform:

gi =
N
∑

n=−N

cnfi (1)

wherethe valuesof cn determinethe filter type. For boxcarsmoothing,the valuescn areconstant,andmust
beequalto 1/(2N + 1) to maintainthezerothmomentof thedata(caremustbe takenat theendsof thedata
rangeto reducethevalueof cn asfewer input datapointsmaybeused).For Gaussiansmoothing,thecrucial
parameteris σ, the standarddeviation. The valueof N shouldbe chosento be large enoughto samplethe
Gaussian,N = 5σ, andthevaluesof cn arethenjust theGaussiancurve:

cn =
e
−n

2

2σ2

√
2πσ2

(2)
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1.1.3 Statistics

ThegeneralstatisticsfunctionpsStats performsavarietyof statisticalcalculationsonacollectionof floating
point numbers.Thesestatisticsincludebothsamplevalues,in which the formal statisticis calculatedfor the
completesample,and robust values,in which the statisticis estimatedon the basisof an assumptionof an
underlyingpopulation.While morereliablein general,therobustestimatorsmaybesomewhatslower thanthe
samplestatisic,so their usemayvary dependingon thecontext. In addition,certainsigma-clippedvaluesare
definedasanintermediatechoicebetweenthesampleandrobustestimators.

1.1.3.1 SampleStatistics

Wedefinethefollowing statisticalterms,assumingthereis asetof dataelementsxi.

Mean

Themeanis definedas:

x̄ =
1

N

N
∑

i=1

xi (3)

Median

The medianis definedasthe valuefor which 50% of the datavaluesare larger and50% aresmaller. For a
sample,the valuesaresortedandthe medianis given by the valueof the middle element,if the numberof
valuesis odd,andby theaverageof thetwo middlevaluesif thenumberof valuesis even.This medianshould
beavoidedfor sampleswhicharelarge(e.g.,N > 104 elements)asthebasicrobustmedianis quickerandmore
accurate.

Upper and Lower Quartiles

The upperand lower quartiles(U 1

4

andL 1

4

) arefirst and last quarterequivalentsto the median. The upper
quartileis thevaluefor which 25%of thedataarelargerand75%aresmaller. Thelower quartileis thevalue
for which 75%of thedataarelargerand25%aresmaller. For a sample,thevaluesaresortedandthequartiles
aregivenby thevaluesof elementsN/4 and3N/4. For thepurposeof a sampleupperandlower quartile,it
is sufficient to provide the closestinteger entry to thesevalues. The samplequartilesshouldbe avoidedfor
sampleswhicharelarge(e.g.,N > 104 elements)astherobustquartilesarequickerandmoreaccurate.
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Standard Deviation

Thestandarddeviationof thesampleis givenby:

σ =

√

√

√

√

N
∑

i=1

(xi − x̄)2

N − 1
(4)

To minimizethenumericalroundingerror, this shouldbecalculatednumericallyas:

σ =

√

√

√

√

√

1

N − 1





N
∑

i=1

(xi − x̄)2 − 1

N

(

N
∑

i=1

(xi − x̄)

)2


 (5)

1.1.3.2 Clipped Statistics

Theclippedstatisticsareusedto determinethemeanandstandarddeviation of a distribution in thepresence
of outliers. Theclippedstatisticsarequicker thanthecompleterobuststatisticalestimatorsandmorereliable
than the samplestatistics. The clippedstatisticsalgorithmproducesthe clippedmeanandclippedstandard
deviation. The algorithmhas2 parameters:N , the numberof iterationsandk, the multiplying factorof the
standarddeviationusedto excludeoutliers.Typical valuesfor bothN andk are3. Thealgorithmis asfollows:

1. Computethesamplemedian.Thenumberof datapointsmustbe limited to 10000;theinputdatasetmust
berandomlysubsampledif moredatapointsareused.

2. Computethesamplestandarddeviation.

3. Usethesamplemedianasthefirst estimatorof themean,̄x.

4. Usethesamplestandarddeviationasthefirst estimatorof thetruestandarddeviation,σ.

5. Repeatthefollowing N times:

(a) Excludeall valuesxi for which |xi − x̄| > kσ.

(b) Computethemeanandstandarddeviationof thesub-sample.

(c) Usethenew meanfor x̄.

(d) Usethenew standarddeviationsfor σ.

6. Thelastcalculatedvalueof x̄ is theclippedmean.

7. Thelastcalculatedvalueof σ is theclippedstandarddeviation.
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1.1.3.3 Robust Statistics

The robust versionof the statisticsprovides estimatorsof basicstatisticalconceptswhich are reliable even
for datasampleswith significantcontamination.A typical caseis the situationin which the dataof interest
representa primary populationof interestwith a single-valuedmeanandstandarddeviation anda secondary
populationof datawith asubstantiallydifferentdistribution. For example,animageof anuncrowdednight-time
field mayconsistof a sparsecollectionof starsandanoverall backgroundlevel. Themajority of pixelshave
thebackgroundvalue,with somevariancedueto noisesources,but many aresignificantlyhigher(contributed
by stars)or significantlylower (deadpixels). If wewantto measurethemeanof thebackground,arobustmean
is necessaryastheoutlierswill stronglybiasthesamplestatistics.

Therobuststatisticsarecalculatedby constructingahistogramof thevaluesandperformingthemeasurements
on the histogram.The choiceof a bin sizerequiressomecare. If the dataareinteger valued,the naturalbin
sizeis aninteger. Otherwise,thebin shouldbea fractionof anestimateof thestandarddeviation. Usethe3σ
clippedstandarddeviation asan estimatorof the standarddeviation. The bin sizeshall be setat σe/10. The
remainingstepsof thealgorithmareasfollows:

• Constructthehistogramwith thespecifiedbin size.

• Smooththehistogramby aGaussianwith σs = σe/4.

• Find thebin with thepeakvaluein therangeL 1

4

to U 1

4

; this is therobustmode,moder.

• DeterminedL = (U 1

4

− L 1

4

)/4.

• Fit aGaussianto thebinsin therangemoder − dL to moder + dL.

• Theresultingfit parametersaretherobustmean,meanr andtherobuststandarddeviation,σr.

To determinetherobustmedian,constructthecumulative histogramfrom thehistogramabove. Selectthebin
whichcontainsthe50thpercentilevalueandits two neighbors.Fit aquadraticto thesethreepoints.Therobust
medianvalueis thecoordinateof thequadraticwhich returnsthe50%value.For theupperandlower quartile
points,thesameprocessshouldbeused,choosingthethreebinsin thevicinity of theupperandlower quartile
points.

1.1.4 Matrix Operations

In this section,we definethelinearalgebraoperationsperformedon matrices.We have definedAPIs to imple-
mentthefollowing matrix functions:

• Invert amatrix;

• Calculateamatrixdeterminant;

• Performmatrixaddition,subtractionandmultiplication;
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• Transposeamatrix; and

• Convert amatrix to avector.

Many of theseoperationsareimplementedusingLU decomposition.We defineLU decompositionin thefol-
lowingparagraph.Implementationof LU decompositionshallmakeuseof theGSLfunctiongsl_linalg_LU_decomp .

1.1.4.1 LU Decomposition

We wish to decomposethe matrix A with elementsaij into diagonalmatricesthat satisfy the relationship
A = LU whereL is a lower-diagonalmatrixof theform:

L =









α11 0 0 0
α21 α22 0 0
α31 α32 α33 0
α41 α42 α43 α44









(6)

(whereall diagonalvaluesαii = 1) andU is anupper-diagonalmatrixof theform:

U =









β11 β12 β13 β14

0 β22 β23 β24

0 0 β33 β34

0 0 0 β44









(7)

We can find the valuesof αij andβij by following this procedure. First, αii = 1. For all valuesof j =
1, 2, . . . , N , follow thenext steps:For eachvalueof i = 1, 2, . . . , j, solve for βij usingtherelationship:

βij = aij −
i−1
∑

k=1

αikβkj (8)

For thevaluesof i = j + 1, j + 2, . . . , N , solve for thevaluesof αij with thefollowing:

αij =
1

βjj

(

aij −
j−1
∑

k=1

αikβkj

)

(9)

1.1.4.2 Calculatea matrix determinant

ThedeterminantD of amatrixaij is calculatedfrom theproductof thediagonalelementsof theLU decompo-
sition:

D = Pi=1NUii (10)

This shallbecalculatedusingtheGSL functiongsl_linalg_LU_det . If thematrix is largeor themagni-
tudeof theelementsis large,thedeterminantmayoverflow thedatatype. In thesecases,the(natural)logarithm
of thedeterminantmaybecalculatedinstead(asthesumof the logarithmsof thediagonalelements).In this
case,theGSL functiongsl_linalg_LU_lndet shallbeused.
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1.1.4.3 Solvinga Linear Equation

TheLU decompositionof amatrixmaybeusedto solve thematrixequation
∑N

j=1
Ai,j × xj = Bj

GiventheLU decompositionof amatrix into αij andβij, thetechniqueof back-substitutionis usedto solve the
equationabove. First solve theequationLy = B:

y1 =
b1

α11

(11)

yi =
1

αii

(

bi −
i−1
∑

j=1

αijyi

)

(12)

Thevaluesof y maybeusedto solve for xi usingtherelationshipUx = b:

xN =
yN

βNN

(13)

xi =
1

βii

(

yi −
N
∑

j=i+1

βijyij

)

(14)

1.1.4.4 Invert a matrix

Inversionof a matrix using the LU decompositionis performedby performingback-subsitutionto solve a
seriesof linearequationsof the form

∑N
j=1

Ai,j × xj = Bj wherethevaluesof Bj representthecolumnsof
theidentitymatrix. Thesolutionvectorsxj representthecolumnsof theinversematrix. Thisoperationshallbe
implementedusingtheGSL functiongsl_linalg_LU_invert .

1.1.4.5 Perform matrix addition, subtraction and multiplication

Matrix binaryarithmeticoperationsdiffer from imagebinaryarithmeticoperationsin a fundamentalway: For
imageoperations,theresultingpixel valueis determinedby performingtheoperationonthetwo corresponding
input operandpixels. For matrix operations,the resultingelementvalue resultsfrom the operationon the
correspondingpairof row andcolumfrom theinputmatrices.So,for example,giventheinputmatricesαij and
βij, theimageandmatrixmultiplicationscorrespondto:

imageij = αij × βij (15)

matrixjk =
N
∑

i=1

αij × βki (16)

Thematrix andimageoperationsfor additionandsubtractionareidentical: theoperationis performedon the
correspondingelementsin eachmatrix. Matrix division is notdefined(to divide, theusershouldfirst invert the
matrix,andthenmultiply). ThematrixmathfunctionpsMatrixOp shall implementthematrix versionof the
binaryarithmeticaloperationsfor thefollowing operators:+,−,×.
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1.1.4.6 Transposea matrix

Thetransposeof a matrix is simply thereorganizationof thematrix elementsby ’flipping’ thematrix alonga
diagonal.For non-squarematriceswith dimensionsN × M , theresultingmatrix hasdimensionsM × N . The
elementof theoutputmatrixTij is givenby

Tij = Mji (17)

whereMij is thematrix to betransposed.

1.1.4.7 Convert a matrix to a vector

Matrix-to-vectorconversionis only definedfor amatrix thathasasizeof onein at leastonedimension.In that
case,theelementsshouldbeextracted,andplacedin a vector, with carethat thepsType is definedcorrectly
— a 1 × N matrix is convertedto a PS_DIMEN_VECTOR-typevector, while aN × 1 matrix is convertedto a
PS_DIMEN_TRANV-typevector.

1.1.5 Fitting

1.1.5.1 Chi-squared

Givena setof N ordinates,xi, measuredcoordinates,yi, with errors,σi, anda modelfunction,f(xi), thenχ2

(“chi-squared”)is defined:

χ2 =
N−1
∑

i=0

(

yi − f(xi)

σi

)2

(18)

1.1.5.2 GeneralPolynomial Fitting

Givenasetof datavaluesyi with errorsσi, relatedto independentdatavaluesxi, wewould like to fit apolyno-
mial modelof Npar freeparametersof theform y =

∑Npar

j=0 αjx
j. Themodelis determinedby minimizing the

valueof χ2 (1.1.5.1),andtheminimizationis determinedby solvingfor thesetof parametersαj for which the
partialderivativesof theχ2 with respectto thoseparametersarezero.Thepartialderivativesare

∂χ2

∂αk

= −2
∑

i

(yi −
∑

j

xj
iαj)

xk
i

σ2
i

(19)

Settingthederivativesto zero,thismaybereducedto thefollowing matrixequation:

∑

j

αj

∑

i

xk
i x

j
i

σ2
i

=
∑

i

xk
i yi

σ2
i

(20)
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Thismatrixequationmaybesolvedwith LU Decomposition(section1.1.4.1).

1.1.6 Non-linear Minimization

1.1.6.1 Levenberg-Marquardt Method

In theLevenberg-MarquardtMethod(LMM; seeNR §15.5),wemakeaguessat theinputparameters,evaluate
thefunctionof interest,vary theparametersby a particularchoicebasedon thegradient,evaluatethefunction
again,andadjusttheparametersandtheparametervarientbasedon theresults.

Givensomeconstant/independentvalues,ci, we would like to find theparametersak of the functionf(ci; ak)
whichminimizethefunction.Westartwith asetof parameterguesses,ak. Wecalculatethegradientβk andthe
Hessianmatrixαj,k at thisparameterselectionasfollows:

βk =
∂f(ci)

∂ak

(21)

αj,k =
∂f(ci)

∂ak

∂f(ci)

∂aj

(22)

We now definethenew parameterguessfor ak basedon thegradientandHessianby definingAj,k asa variant
onαj,k asfollows:

Aj,k = αj,k (j 6= k) (23)

Aj,k = (1 + λ)αj,k (j = k) (24)

andsolve thesystemof equationsrepresentedby:

Aj,ka
′

k = βj (25)

wherea′

k representsour new attemptat a parameterguess.We usethis parametersetto evaluatethefunction.
If the new valueof the function is lower thanthe previous guess,we acceptthis new setof parametersand
decreaseλ by a factorof 10, otherwisewe keeptheold set,andincreasethevalueof λ by a factorof 10. We
repeatthisprocessuntil thevalueof thefunctionchangesby muchlessthanthetolerance.Theresultingvalues
of ak arethebest-fitparametersfor thesystem.

Thecovariancematrix,Ci,j, which is theinverseof thematrixαj,k allows simplecalculationof theconfidence
limits of theparameters.

1.1.6.2 Powell’s method

Powell’smethodis atypeof “Direction Set”methodsin multi-dimensionsfor findingalocalminimum.Givena
startingpoint (the“bestguess”for theminimum)andasetof directionvectors,adirectionsetmethodadvances
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in thedirectionof thevectors,determinesanew directionvectorby somemethod,andproceedsin thismanner
until theadvancesalongthevectorsaresmallerthansomepre-definedtolerance.Suchdirectionsetmethods,
includingPowell’s QuadraticallyConvergentmethodarediscussedin NR§10.5.

We will usefor our algorithmthe modifiedversionof Powell’s QuadraticallyConvergentMethod,which is
describedbelow, adaptedfrom NR.

1. Given a function in N dimensionsto minimize, f , and a bestguessfor the minimum, point P in N
dimensions,takeaninitial setof N vectors,vi, to betheunit vectors.

2. SetpointQ = P .

3. For eachdimensionin turn,moveQ only in thedirectionvi to minimizethefunctionof interest.

4. Setvectoru = Q − P .

5. MoveQ only in thedirectionu

6. Replacethevectoralongwhich thelargestminimizationwasmade,vi,max, with u, exceptundereitherof
thefollowing circumstances:

• If fQP ≥ fP , thenthereis nopoint in keepingthenew vector, becausethereis nofurtherminimiza-
tion to bemadein thatdirection.

• If 2(fP − 2fQ + fQP ) [(fP − fQ) − ∆max]
2 ≥ (fP − fQP )2∆max, theneitherthe decreasein the

functionwasnotdueto any singledirection,or wearecloseto theminimum.

wherefP = f(P ), fQ = f(Q), fQP = f(2Q − P ), and∆max ≥ 0 is themagnitudeof theminimization
madealongvi,max.

7. SetP to Q.

8. Returnto step3 until thechangein this lastmove is lessthansomespecifiedtolerance,or a maximum
numberof iterationshasbeenreached.

In regardsto minimizing thefunctiononly in aparticulardirection,weshalladopt,asNR recommends,brack-
etingtheminimumbeforeapplyingBrent’s method,[which will bespecifiedin detail later].

1.1.7 Polynomials

Wewill employ Chebyshev polynomials(NR §5.8) to approximatefunctions:

f(x) =
n
∑

i=0

ciTi(x) (26)

Thesehavesomedesirablefeatures:
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• They are boundedon −1 < x < 1, with the maximaand minima over this rangebeing 1 and−1,
respectively;

• Truncationof thehigher-ordertermsleavesonewith themostaccuratelower-orderpolynomialrepresen-
tationof thedesiredfunction.

Thefirst few Chebyshev polynomialsare:

T0(x) = 1 (27)

T1(x) = x (28)

T2(x) = 2x2 − 1 (29)

T3(x) = 4x3 − 3x (30)

T4(x) = 8x4 − 8x2 + 1 (31)

(32)

Chebyshev polynomialsfollow therecurrencerelation:

Tn+1 = 2xTn − Tn−1 (33)

Practically, Chebyshev polynomialsshouldbeevaluatedusingClenshaw’s recurrenceformula(NR §5.5):

dj = 2xdj+1 − dj+2 + cj (34)

f(x) = x ∗ d1 − d2 + 1/2c0 (35)

(36)

It shallbetheresponsibilityof theuserto convert thedomaininto therange−1 < x < 1.

1.1.7.1 Multi-dimensional polynomials

Multi-dimensionalpolynomialsshallbecomposedof multiplicationsof 1D Chebyshev polynomials,with the
coefficientsstoredin tensorsof theappropriaterank.

1.1.8 (Fast)Fourier Transforms

(Fast)FourierTransforms(FFTs)shallbeimplementedusingtheFastest Fourier Transform in the West (FFTW)
library.

1.1.8.1 FFTW Plans

FFTW requirestheuserto createa “plan” for eachtransformsize,thetime to createwhich is a functionof the
desiredspeedof the transform— fastertransformsfor a givensize(andmachine)maybeperformedif more
time is spenttestingplans.
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In thePan-STARRSIPP, wewill wantto performFFTson imagesof commonsizes(e.g.512 × 512) regularly.
This meansthat we would gain from determiningan FFTW plan for eachof thesecommonsizes. FFTW
providesa binary, fftw-wisdom which may be usedto generateandsave “wisdom”. The locationof the
wisdom file will be specifiedasa configurationvariablefor the IPP (defaulting to /etc/fftw/wisdom ).
Thewisdom shouldbereadin uponinitialisationof thePSLibFFT functionsandsavedat theconclusion.

1.1.8.2 Function mapping

Theforwardandreversetransformscall thecorrespondingFFTW functionto planthetransform:

PSLibfunction Major FFTW call
psFFTForward() fftw_plan_dft_r2c_2d()
psFFTReverse() fftw_plan_dft_c2r_2d()

Theseplansshouldbe formulatedusingthe FFTW_ESTIMATEflag, which will allow FFTW to default to a
minimal planningtime if the wisdomhasnot beenloaded. Transformsshouldbe performedout of placeto
avoid theneedto padtheinputarrayto hold theoutput.

1.1.8.3 Mor eComplicatedFunctions

psFFTCrossCorrelate() and psFFTConvolve() both involve multiplication of two Fourier trans-
forms. In the former, thefirst Fourier transformis multiplied by thecomplex conjugateof thesecondFourier
transformto yield the Fourier transformof the cross-correlation(NR §13.2). In the latter, the two Fourier
transformsaremultiplieddirectly to yield theFouriertransformof theconvolution (NR §13.1).

If theelementsof thediscreteFourier transformareCk, thenthetheelementsof thepower spectrumare(NR
§13.4):

P0 = |C0|2 /N2 (37)

Pj =
(

|Cj|2 + |CN−j|2
)

/N2 (38)

PN/2 =
∣

∣CN/2

∣

∣

2
/N2 (39)

(40)

wherej = 1, 2, . . . , (N/2 − 1).

Notethatwe leave theissueof “windowing” thedataup to thecaller, andchooseto normaliseby 1/N2.

1.2 AstronomyUtilities

Most of the astronomyutilities will be implementedthroughwrappingthe SLALIB PositionalAstronomy
Library.
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1.2.1 Time

Correcttime representationis critical in astronomicalsoftware.PSLibusesthepsTime structureto represent
timevalues.Thisstructurerepresentsatimewhich is consistsof secondsandfractionsof secondsin atimesys-
temdefinedby thepsTimeType elementtype . Two possibletime systemsarecurrentlyavailable:TAI and
UTC. Both aredefinedin termsof the referenceepoch1970-01-01T00:00:00Z,but with minor modifications
for leapsecondsasneeded.Thefirst represenatation,TAI (InternationalAtomic Time),hassecondsof uniform
lengthandnoleapseconds.Theexactzeroreferenceis 1970/01/01,00:00:10UTC.Thesecondrepresentationis
UTC, whichhassecondsof uniformlengthandleapsecondsasneededto adjustit to remainwithin 0.9seconds
of theEarth’s rotation.It hasazero-pointof exactly1970/01/01,00:00:00UTC.

1.2.1.1 Coordinated UniversalTime (UTC)

CoordinatedUniveralTime (UTC) is a systemof time with SI lengthsecondsbut attemptsto staywithin 1sof
UT1. This is doneby the insertionof leapsecondwhenever UTC-UT1≥ 0.9s. By definitionUTC-TAI is an
integernumberof seconds.UTC wentinto effecton ”1972-01-01T00:00:00”andis definedasbeingTAI-UTC
= 10son thatdate.For datesprior to 1972-01-01afixedoffsetof 10srelative to TAI will beassumed.

UTC = TAI − 10s − leapseconds (41)

Leapsecondsaredeclaredby theInternationalEarthRotationandReferenceSystemsService(IERS).Leapsec-
ondsonly occur in the UTC time systemandcannotbe accuratelypredicteddueto variationsin the Earth’s
rotationalperiod. To determinethe numberof leapsecondin a given UTC datea tableof leapsecondsasan-
noucedby theIERSmustbeconsulted.This tablewill have to beupdatedeachtimeanew leapsecondoccurs.

For easeof conversion,UTC shouldberepresentedasthenumberof secondssincetheUNIX epochof ”1970-
01-01T00:00:00”.

1.2.1.2 Inter national Atomic Time (TAI)

InternationalAtomic Timeor TempsAtomiqueInternational(TAI) is a systemof time definedby theBureau
InternationaldesPoidset Mesures(BIPM) with SI lengthsecondsasmeasuredat sealevel. To convert from
UTC to TAI addthebasedeltaof 10s andall of theaccumulatedleapseconssince1972-01-01upuntil theUTC
datebeingconverted.

TAI = UTC + 10s + leapseconds (42)

For easeof conversion,TAI shouldberepresentedasthenumberof secondssincetheUNIX epochof ”1970-
01-01T00:00:00”.
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1.2.1.3 Leap seconds

LeapsecondskeepUTC within 0.9sof UT1. TheoffsetbetweenTAI andUTC mustbelookedup from tables.
Jumpsin theoffsetcorrespondto leapseconds.

1972 JUL 1 =JD 2441499.5 TAI-UTC= 11.0 S + (MJD - 41317. ) X 0.0 S
1973 JAN 1 =JD 2441683.5 TAI-UTC= 12.0 S + (MJD - 41317. ) X 0.0 S
1974 JAN 1 =JD 2442048.5 TAI-UTC= 13.0 S + (MJD - 41317. ) X 0.0 S
1975 JAN 1 =JD 2442413.5 TAI-UTC= 14.0 S + (MJD - 41317. ) X 0.0 S
1976 JAN 1 =JD 2442778.5 TAI-UTC= 15.0 S + (MJD - 41317. ) X 0.0 S
1977 JAN 1 =JD 2443144.5 TAI-UTC= 16.0 S + (MJD - 41317. ) X 0.0 S
1978 JAN 1 =JD 2443509.5 TAI-UTC= 17.0 S + (MJD - 41317. ) X 0.0 S
1979 JAN 1 =JD 2443874.5 TAI-UTC= 18.0 S + (MJD - 41317. ) X 0.0 S
1980 JAN 1 =JD 2444239.5 TAI-UTC= 19.0 S + (MJD - 41317. ) X 0.0 S
1981 JUL 1 =JD 2444786.5 TAI-UTC= 20.0 S + (MJD - 41317. ) X 0.0 S
1982 JUL 1 =JD 2445151.5 TAI-UTC= 21.0 S + (MJD - 41317. ) X 0.0 S
1983 JUL 1 =JD 2445516.5 TAI-UTC= 22.0 S + (MJD - 41317. ) X 0.0 S
1985 JUL 1 =JD 2446247.5 TAI-UTC= 23.0 S + (MJD - 41317. ) X 0.0 S
1988 JAN 1 =JD 2447161.5 TAI-UTC= 24.0 S + (MJD - 41317. ) X 0.0 S
1990 JAN 1 =JD 2447892.5 TAI-UTC= 25.0 S + (MJD - 41317. ) X 0.0 S
1991 JAN 1 =JD 2448257.5 TAI-UTC= 26.0 S + (MJD - 41317. ) X 0.0 S
1992 JUL 1 =JD 2448804.5 TAI-UTC= 27.0 S + (MJD - 41317. ) X 0.0 S
1993 JUL 1 =JD 2449169.5 TAI-UTC= 28.0 S + (MJD - 41317. ) X 0.0 S
1994 JUL 1 =JD 2449534.5 TAI-UTC= 29.0 S + (MJD - 41317. ) X 0.0 S
1996 JAN 1 =JD 2450083.5 TAI-UTC= 30.0 S + (MJD - 41317. ) X 0.0 S
1997 JUL 1 =JD 2450630.5 TAI-UTC= 31.0 S + (MJD - 41317. ) X 0.0 S
1999 JAN 1 =JD 2451179.5 TAI-UTC= 32.0 S + (MJD - 41317. ) X 0.0 S

For thepresenttime, it shouldbeassumedthat this tableresideson local disk in a known location(i.e., there
is no needthat it is downloadedfrom the internetby PSLib). Later, the location of this file will be made
configurable.

Thisdatais availablefrom ftp://maia.usno.navy.mil/ser7/tai-utc.dat

1.2.1.4 Gregoriandatesto seconds

Thebelow algorithmconvertsfrom Gregorian-formatteddatesto secondssincetheUNIX epoch.

Given year, month, day.

### Make month in range 3..14 (treat Jan & Feb as months 13..1 4 of prev year):
if ( month <= 2 )
{

year -= ( temp = ( 14 - month ) / 12 )
month += 12 * temp

}
else if ( month > 14 )
{

year += ( temp = ( month - 3 ) / 12 )
month -= 12 * temp

}

### make year positive
if ( year < 0 )
{

day -= 146097 * ( temp = ( 399 - year ) / 400 )
year += 400 * temp

}
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### add: day of month, days of previous 0-11 month period that began
### w/March, days of previous 0-399 year period that began w/March
### of a 400-multiple year), days of any 400-year periods befo re
### that, and 306 days to adjust from Mar 1, year 0-relative t o Jan
### 1, year 1-relative
day += ( month * 367 - 1094 ) / 12 + year % 100 * 1461 / 4 +

( year / 100 * 36524 + year / 400 ) - 306

unix = ( ( day - 1 ) * 86400 ) - 62135596800
utc = unix - leapseconds(unix)

To go theotherway:

unix = utc + leapseconds(utc)
day = ( unix + 62135596800 ) / 86400
temp = 0

### add 306 days to make relative to Mar 1, 0; also adjust day to be
### within a range (1..2**28-1) where our calculations will work
### with 32bit ints
if ( day > 2**28 - 307 )
{

### avoid overflow if day close to maxint
temp = ( day - 146097 + 306 ) / 146097 + 1
day -= temp * 146097 - 306

}
else if ( ( day += 306 ) <= 0 )
{

temp = -( -day / 146097 + 1 ) ### avoid ambiguity in C division of negat ives
day -= temp * 146097

}

cent = ( day * 4 - 1 ) / 146097 ### calc number of centurie s day is after 29 Feb of yr 0
day -= cent * 146097 / 4 ### (4 centuries = 146097 days)
year = ( day * 4 - 1 ) / 1461 ### calc number of years i nto the century,
day -= year * 1461 / 4 ### again March-based (4 yrs =˜ 146[01] days)
month = ( day * 12 + 1093 ) / 367 ### get the month (3..14 re present March through
day -= ( month * 367 - 1094 ) / 12 ### February of following year)
year += cent * 100 + temp * 400 ### get the real year, whic h is off by
if ( month > 12 ) ### one if month is Janua ry or February
{

year++
month -= 12

}

Output year, month, day.

(Above takenfrom DateTime.pm (C) 2003DaveRolsky, availablefrom datetime.perl.org .)

1.2.1.5 UniversalTime (UT1)

UnivseralTime is ameasureof therotationangleof theEarth.Whencorrectedfor polarmotionit is referredto
asUT1. This is distict from UT0 which doesnot involve correctionsfor polarmotion. UT1 maybecalculated
from UTC througha tablelookupof theappropriatevalueof UTC - UT1.
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1.2.1.6 Julian Day and Modified Julian Day

JulianDay (JD) andModified JulianDay (MJD) arebothcontinuoustime representations,with onejulian day
interval having a lengthof 86400TAI seconds.MJD is equalto JD - 2400000.5andhasa zeropoint equalto
thatof TAI, while JDhasazeropoint0.5off of TAI. ConversionbetweenpsTime valuesandMJD andJDare
determinedfrom:

mjd = psTime.sec/86400.0 + psTime.usec/86400000000.0 + 40587.0;
jd = psTime.sec/86400.0 + psTime.usec/86400000000.0 + 2440587.5;

2451545.0 JD= 51544.5 MJD is equivalentto ”2000-01-01T00:00:00”.

JD = MJD + 2400000.5 (43)

1.2.1.7 Terrestrial Dynamical Time (TDT)

TerrestrialDynamicalTime (TDT) is definedas a fixed offset from TAI. Its only purposeas far as we are
concernedis for its utility in obtainingtheGMST.

TDT = TAI + 32.184s (44)

1.2.1.8 TDT asJulian CenturiessinceJ2000.0

Thealgorithmfor calulatingGMST requiresTDT formatedin JuliancentruiessincetheJ2000.0epoch.

tu =
JDTDT − 2451545.0

36525
(45)

1.2.1.9 UT1 asJulian CenturiessinceJ2000.0

Thealgorithmfor calulatingGMST requiresUT1 beformatedin JuliancenturiessincetheJ2000.0epoch.

t =
JDUT1 − 2451545.0

36525
(46)

1.2.1.10 GreenwichMean SiderealTime (GMST)

GreenwichMeanSiderealTime (GMST) is caclulatedfrom UT1 andTDT. This algorithmrequiresthatboth
time inputsareexpressedasJuliancenturiessinceJ2000.0.
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Heretu is UT1 expressedin JuliancenturiessinceJ2000.0,andt is TDT expressedin Juliancenturiessince
J2000.0.

GMST00(tu, t) = UT1 + 24110.5493771 (47)

+8639877.3173760 tu + 307.4771600 t (48)

+0.0931118 t2 − 0.0000062 t3 (49)

+0.0000013 t4 (50)

GivesGMST00 in seconds.

1.2.1.11 Longitude

Longitudesare often expressedin the form of decimaldegreeswhile the algorithm for calculatingGMST
outputsseconds.

1◦ = 240s (51)

1.2.1.12 Local Mean SiderealTime (LMST)

Local MeanSiderealTime (LMST) is GreenwichMeanSideralTime (GMST) plus theobserver’s locationin
Eastlongitude. CalculatingLMST requiresthe input of UniversalTime (UT1), TerrestrialDynamicalTime
(TDT) anda longitude(measuredEastof Greenwich).

LMST = GMST00(tu, t) + longitude (52)

GivesLMST in seconds.

1.2.1.13 Polar Coordinates

Thepolarcoordinates,xp andyp, requiredfor SLA_AOPPA(andhencethepsGrommit s),maybecalculated
throughtablelookups.

1.2.2 Astronomical ImageManipulations

1.2.2.1 Inter polation

Interpolationis neededin variousimagemanipulationoperations,includingrotationandresampling.We have
specifieda function to performthe interpolationusingoneof several possibleinterpolationmethods,defined
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below. It is important in the discussionsthat follow to rememberthat a pixel with column,row if i, j has
coordinateat the centerof i + 0.5, j + 0.5 andcornerswith coordinatesfrom i, j to i + 1, j + 1. Thus,the
interpolationof acoordinatex, y = 5.0,4.0is avaluemidwaybetweenthefour pixelswith column,row of (5,4),
(5,5),(6,4),(6,5).

NearestPixel Inter polation (PS RESAMPLEFLAT)

In this interpolation,thevalueof theclosestpixel is returned.This is equivalentto pixel duplicationor replica-
tion.

Bilinear Inter polation (PS RESAMPLEBILINEAR )

In this interpolation,thevalueat thecoordinateis calculatedusinglinearinterpolationin two dimensionsfrom
thefour nearestneighborpixels.Thebilinearinterpolationvalueatacoordinatex, y dependsonthefour nearest
neighborpixelsandthefractionaldistancefx, fy of thegivencoordinatesfrom thecentersof thosefour pixels.
Considerfour neighboringpixelsatcolumn,row of i, j, i + 1, j, i, j + 1, andi + 1, j + 1 with pixel valuesV0,0,
V1,0, V0,1, V1,1. Thevalueatx, y is givenby:

V = (V0,0(1 − fx) + V1,0fx)(1 − fy) + (V0,1(1 − fx) + V1,1fx)fy

Thisexpressionis moreefficiently evaluatedby factoringandcalculatingtheexpresionas:

rx = V0,0 + (V1,0 − V0,0)fx

V = rx + (V0,1 + (V1,1 − V0,1)fx − rx)fy

Note that thevaluesof fx andfy requiresomecare. Givena coordinatex, y, thevalueof fx is calculatedas
fx−0.5− int(fx−0.5). For example,wheninterpolating thevalueat (5.8.5.2),therelevantneighborpixelsare
(5,4), (6,4), (5,5), (6,5) andthe fractionalcoordinatevaluesfx, fy = 0.3, 0.7. Theresultingcoordinatewould
becontainedwithin thepixel at column,row (5,5).

Sinc Inter polation (PS RESAMPLESINC)

Lagrange Inter polation (PS RESAMPLELAGRANGE)

1.2.2.2 ImageCuts and Slices

Several functionsspecifyoperationswhich manipulatea collectionof pixels to returna statisticon the pixel
collection. In the simplestcase,theseare trivial to define: if the boundariesof the region of interestare
specifiedalong integral pixel coordinates,then the pixels usedto measurethe statisticare always an exact
integer. This is the casefor the function psImageSlice which requiresa startingcoordinatewhich is an
integeranda width in bothdimensionswhich is an integer. For thecaseof the functionspsImageCut and
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psImageRadialCut , the situationis a bit more subtle. In both of thesecases,the region is unlikely to
containonly wholepixelsandsomechoicesmustbemade.

Oneposibility whichwerejectis to identify thefractionalpixelswhichareoverlappedby the regionof interest
and add that fraction of the pixel’s flux when calculatingthe statisticof interest. This is computationally
intensive,andnotnecessarilywell definedfor all statistics.

In PSLib,we insteadidentify thepixelsoverlappedby theregion,usethecompletesetof pixel values,treating
all pixelsequally, andrenormalizeasneeded.To performthis, theregion of interestis laid on top of theimage
pixels. Any pixelswhich overlaptheregion areidentifiedaspartof theinput sample.Thestatistic(ie, sample
mean,robustmode,etc),is thencalculatedonthiscollectionof pixels. If theoutputstatisticis anaveragevalue,
themeasuredvalueis reported.If theoutputstatisticis a sumvalue(sumof counts,sumof pixels), thenthe
valueis renormalizedby the ratio of pixels usedin the calculationto the pixel areaof the region of interest.
For example,if the sumwithin a radial apertureis requested,the circle of the specifiedradiusandcenteris
placedon thepixel grid. Any pixelswhich touchthecirclearethenplacedin a list to beanalysed.Thestatistic
of interestis themeasuredfor this collectionof pixels. In thecaseof a circularaperturewhich is centeredat
the coordinate(2,2) andhasa radiusof 2, the numberof pixels which aretouchedby the circle is 16, while
thetotal pixel areaof thecircle is 12.57squarepixels. In this case,thepixel sumis renormalizedby theratio
(12.57/16.00).

Radial Cuts

Consideran imagewith pixels xi, yi anda referencecoordinatexc, yc. We want to constructa radial cut by
measuringstatisticsfor pixelsin a sequenceof radialannulii rs < r < re. For eachannulus,we needto select
thepixelswhich fall within thisannulus.Thecoordinatesof thecenterof pixel i, j arei + 0.5, j + 0.5. A given
pixel hasa distancefrom the referencecoordinateof dX = xc − i − 0.5, dY = yc − j − 0.5. Thepixels to
be usedfor a given radial annulusareall of thosepixels for which rs <

√
dX2 + dY 2 < re. This is more

efficiently calculatedby comparingthe squareof the radii anddistances.All pixels which satisfy the above
conditionareincludedin a specificannularradius.All averagequantitiesarecalculateddirectly from thepixel
ensemblestatistics.

Arbitrary Linear Cuts

Selectthepixelswhich lie alonga line following stepsof 1 pixel length:

dX = xe - xs;
dY = ye - ys;
L = hypot (dX, dY);
dX = dX / L;
dY = dY / L;

REALLOCATE(xvec[0].elements, float, MAX (L, 1));
REALLOCATE(yvec[0].elements, float, MAX (L, 1));
xvec[0].Nelements = L;
yvec[0].Nelements = L;

V = (float *)buf[0].matrix.buffer;
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for (i = 0; i < L; i++) {
xi = xs + i*dX - 0.5;
yi = ys + i*dY - 0.5;
xvec[0].elements[i] = i;
yvec[0].elements[i] = V[xi + Nx*yi];

}

1.2.2.3 ImageRotation

Imagerotationcanbeperformedin two possiblewaysunderdifferentcircumstances,identifiedin thefollowing
discussion.

In thesimplestcase,therotationangleis anintegermultiple of 90 degrees(π/2 rad). In thesecases,theinput
andoutputpixels have a one-to-onemapping. If the input imagehasdimensionsof Nx, Ny, thenthe output
imagewill havedimensionsof eitherNx, Ny (for evenmultiplesof 90degrees)or Ny, Nx (for oddmultiples).

If theangleof therotationis notamultipleof 90,thentheoutputpixelsnecessarilyresultfrom theinterpolation
of several input pixels. In this case,for an input imageof dimensionsNx, Ny androtationangleθ, theoutput
imagehasdimensionsLx = |Nx cos θ| + |Ny sin θ| andLy = |Nx sin θ| + |Ny cos θ|, eachdimensionrounded
up to thenearestintegerasneeded.Every pixel in theoutputimageis in generalderivedfrom aninterpolation
over 4 neighboringpixels. Thecoordinateof a pixel in theoutputimage(i, j) correspondsto a fractionalpixel
coordinate(x, y) in theinput imageaccordingto:

x = (i − io) ∗ cos θ + (j − jo) ∗ sin θ

y = (io − i) ∗ sin θ + (j − jo) ∗ cos θ

wherethe offset coordinate(io, jo) dependson the sign of the sineof the angleθ. If the sign of that sine is
positive, theoffsetcoordinateis (Ny sin θ,0), otherwiseit is (0,−Nx sin θ).

1.2.3 CelestialCoordinate Conversions

Changesbetweensphericalcoordinatesystems(ie, Ecliptic, Galactic,andICRS,or Celestial,coordinates)is
equivalentto a rotationin 3D. Giventwo coordinatesystem,α, δ andφ, θ which differ by only a rotation,the
transformationbetweenthesetwo systemsaredefinedby thefollowing threeparameters:

• αp : thelongitudeof thetargetsystempolein thesourcesystem

• δp : thelatitutdeof thetargetsystempolein thesourcesystem.

• φp : thelongitudeof theascendingnodein thetargetsystem

Notethatθp, thelatitudeof thesourcesystempolein thetargetsystem,is equalto δp by symmetry.

Therelevanttrigonometricrelationshipsare:

sin θ = sin δ cos δp − cos δ sin δp sin(α − αp) (53)

cos θ sin(φ − φp) = cos δ cos δp sin(α − αp) + sin δ sin δp (54)

cos θ cos(φ − φp) = cos δ cos(α − αp) (55)
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andfor theinversetransformations,theequivalentrelationshipsare:

sin δ = sin θ cos δp − cos θ sin δp sin(φ − φp) (56)

cos δ sin(α − αp) = cos θ cos δp sin(φ − φp) + sin θ sin δp (57)

cos δ cos(α − αp) = cos θ cos(φ − φp) (58)

Sinceθ andδ havedomainsof −π/2, π/2, thevalueof theseanglesarefoundby applyingthearcsinto thesine
of theseangles(θ = arcsin sin θ) which is alwayssingle-valuedanddefined.Thevalueof α−αp maybefound
from atan2(y,x) , wherey = cos δ sin(α − αp) andx = cos δ cos(α − αp); andsimilarly for φ − φp.

1.2.3.1 Galactic to ICRS

Theappropriatevalues,from theHipparcosandTychoCataloguesare:

αp = 282.85948◦ (59)

δp = 62.87175◦ (60)

φp = 32.93192◦ (61)

(62)

1.2.3.2 Ecliptic to ICRS

Theappropriatevalues,from Zombeck,are:

αp = 0◦ (63)

δp = 23◦27′8′′.26 − 46′′.845 T − 0′′.0059 T 2 + 0′′.00181 T 3 (64)

φp = 0◦ (65)

whereT is thetime in Juliancenturiessince1900.

1.2.3.3 Precession

Theappropriatevalues,from Elixir, are:

αp = 90◦ − (0◦.6406161 T + 0◦.0000839 T 2 + 0◦.0000050 T 3) (66)

δp = 0◦.5567530 T − 0◦.0001185 T 2 − 0◦.0000116 T 3 (67)

φp = 90◦ + 0◦.6406161 T + 0◦.0003041 T 2 + 0◦.0000051 T 3 (68)

whereT is (MJDout− MJDin)/36525 is thedifferencebetweenthetwo epochs,in Juliancenturies.
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1.2.3.4 Suggestedtest cases

(α, δ) = (0◦, 0◦) transformsto Galacticcoordinates(l, b) = (96.337272◦,−60.188553◦), andEcliptic coordi-
nates(λ, β) = (0◦, 0◦).

(α, δ) = (0◦, 90◦) transformsto Galacticcoordinates(l, b) = (122.93192◦, 27.12825◦), andEcliptic coordinates
at J2000.0(i.e.,T = 1), (λ, β) = (90◦, 66.560719◦).

(α, δ) = (180◦, 30◦) transformsto Galacticcoordinates(l, b) = (195.639488◦, 78.353806◦), andEcliptic coor-
dinatesat J2100.0(i.e.,T = 2), (λ, β) = (167.072470◦, 27.308813◦).

For eachof theaboveinputcoordinates,precessingfrom J2100to J1900givesthefollowing outputcoordinates:
(357.437◦,−1.113◦), (358.719◦, 88.886◦) and(177.423◦, 31.113◦).

1.2.4 Projections

We implementthreetypesof projections:zenithal, cylindrical andpseudocylindrical, eachrequiringslightly
differenthandling.Our representationsarebasedon thetreatmentof projectionspresentedby Greisen& Cal-
abretta(1995,ADASS,4, 233). In all of theseprojections,weareconvertingfrom asphericalcoordinateα, δ to
a linear(2-D) coordinatexp, yp. Theprojectionis definedby theprojectiontype,theprojectioncenter(αp, δp)
andthetheplatescalesin thexp andyp directions(ρx, ρy).

In thestructure, psProjection , theprojectiontype is definedby theelementtype , theprojectioncenter
αp, δp is definedby the elementsR,D, andthe platescales,ρx, ρy, aredefinedby the elementsXs,Ys . The
platescalesareappliedindependentlyto thex andy coordinatesto convert themto the correspondinglinear
units(ie, pixels):

xp = ρxx (69)

yp = ρyy (70)

(71)

In thediscussionsbelow, we ignorethis laststep(or first step,dependingon thedirectionof theconversion).

1.2.4.1 Zenithal Projections

The zenithal projectionsare definedrelative to a set of sphericalcoordinateswith pole at the centerof the
projection(αp, δp), andwhich thusrepresentsa coordinatesystemrotatedrelative to thecoordinatesystemof
α, δ. In thissphericalcoordinatesystem,thecoordinateof longitudeis labeledφ, andhasdomainof −π < φ ≤
π, while thelatitude,measuredfrom thepole,is labeledθ andhasdomain0 ≤ θ ≤ π. Thecoordinateframeof
φ, θ is definedsothatφp, thelongitudeof thetargetsystempole,is 0.0.

For anarbitraryprojectioncenter, it is necessaryto convert thesphericalcoordinatesto beprojected(α, δ) to
the projectionsphericalcoordinatesystemcoordinates(φ, θ). In practice,we constructthe following useful

IPPADD 21 September9, 2004



Pan-STARRSImageProcessingPipeline PSDC-430-006-06

trigonometricrelationshipsbetweenφ andθ whichmaybeemployedin theequationsof x, y below:

sin θ = sin δ sin δp + cos δ cos δp cos(α − αp) (72)

cos θ cos φ = sin δ cos δp − cos δ sin δp cos(α − αp) (73)

cos θ sin φ = − cos δ sin(α − αp) (74)

For theinversetransformations,theequivalentrelationshipsare:

sin δ = sin θ sin δp + cos θ cos δp cos φ (75)

cos δ cos(α − αp) = sin θ cos δp − cos θ sin δp cos φ (76)

cos δ sin(α − αp) = − cos θ sin φ (77)

For zenithalprojections,thelinearcoordinatesarerelatedto φ, θ by:

x = Rθ sin φ (78)

y = −Rθ cos φ (79)

andtheinverse:

Rθ =
√

x2 + y2 (80)

φ = arg(−y, x) (81)

Thecoordinatesx, y abovearedefinedto bein angularunits(ie, radians).

Fromtheserelationships,wecancalculateα, δ as:

α − αp = arctan(sin α, cos α) (82)

δ = arcsin(sin δ) (83)

(84)

Notethatif (x, y) = (0, 0), thenα = αp, δ = δp.

Gnomonic

The Gnomonicprojection(“TAN”) is a zenithalprojectionwith Rθ = cot θ. The resultingrelationshipsfor
(x, y) andfor sin θ, cos θ are:

x =
cos θ sin φ

sin θ
(85)

y =
− cos θ cos φ

sin θ
(86)

sin θ = ζ/
√

1 + ζ2 (87)

cos θ = 1/
√

1 + ζ2 (88)

(89)

whereζ = 1/Rθ.
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Orthographic

TheOrthographicprojection(“SIN”) is a zenithalprojectionwith Rθ = cos θ. Theresultingrelationshipsfor
(x, y) andfor sin θ, cos θ are:

x = cos θ sin φ (90)

y = − cos θ cos φ (91)

sin θ =
√

1 − R2
θ (92)

cos θ = Rθ (93)

(94)

1.2.4.2 Cylindrical and PseudocylindricalProjections

Thecylindrical andpseudocylindrical projectionsaredefinedrelative to a setof cylindrical coordinateswhose
poleis coincidentwith thepoleof thesphericalcoordinates.Theseprojectionsareparticularlyusedfor full-sky
representations,andareonly definedfor projectioncenterswith δp = 0. In this sphericalcoordinatesystem,
thecoordinateof longitudeis labeledφ, andhasdomainof −π < φ ≤ π, while thelatitude,measuredfrom the
pole, is labeledθ andhasdomain0 ≤ θ ≤ π. Theprojection centerlongitude,αp correspondsto φ = 0, thus
thevalueof φ is determinedasα − αp for all suchprojections.

Cartesian

TheCartesianprojection(“CAR”) is a very simplecylindrical projectionwith the following relationshipsbe-
tweenx, y andφ, θ:

x = φ (95)

y = θ (96)

Mercator

TheMercatorprojection(“MER”) is acylindrical projection.

x = φ (97)

y = ln (tan(π/4 + θ/2)) (98)

and θ = 2 arctan (ey) − π/2 (99)
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Hammer-Aitoff

TheHammer-Aitoff projection(“AIT”) is apseudocylindrical projection,andis defined:

x = 2ζ cos θ sin
φ

2
(100)

y = ζ sin θ (101)

where ζ−1 ≡
√

1

2

(

1 + cos θ cos
φ

2

)

(102)

And in reverse:

φ = 2arctan(2z2 − 1, xz) (103)

θ = arcsin(yz) (104)

where z ≡
√

1 − (x/2)2 − y2 (105)

Parabolic

TheParabolicprojection(“PAR”) is apseudocylindrical projection,andis defined:

x = φ

(

2 cos
2θ

3
− 1

)

(106)

y = π sin
θ

3
(107)

(108)

And in reverse:

θ = 3 sin−1 ρ (109)

φ =
x

1 − 4ρ2
(110)

where ρ ≡ y/π (111)

(112)

1.2.5 Offset

Coordinateoffsetscanbeeithersphericaloffsetsor linearoffsets.
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A sphericaloffset is performedby addingthe componentsof the offset, after unit conversion,to the given
position.Theresultingcoordinatesmustbewrappedto within theallowedrange(−π to π, 0 to 2π).

A linear offset is definedto be a linear offset in a tangentprojectioncenteredon the startingcoordinatewith
y axis alignedwith the local direction or increasingDeclination. This projectionis undefinedonly for the
coordinatesexactly at the north andsouthpoles,in which casethe orientationis definedto have the y axis
parallelto theline of RA = 0.0. Thescaleof theprojectionis 1.0(ie, 1 ’pixel’ is 1 radian)andthegivenoffsets
mustthescaledbasedon thegivenoffsetunits.

Pseudo-codeto implementtheabove for anoffset:

psSphere *psSphereSetOffset (psSphere pos, psSphere offset) {

psPlane lin;
psSphere new;
psProjection proj;

proj.R = pos->r;
proj.D = pos->d;
proj.X = 0;
proj.Y = 0;
proj.type = PS_PROJ_TAN;

lin.x = offset.r;
lin.y = offset.d;

new = psDeproject (&lin, &proj);
return (new);

}

1.2.6 TangentPlaneto Sky

Mappingsbetweenthetangentplaneandthesky will beimplementedusingSLALIB.

To speedup thetransformations,SLALIB allows thestorageof “apparent-to-observedparameters”,whichwill
becontainedin apsGrommit . ThepsGrommit consistsof thefollowing:

1. geodeticlatitude(radians)

2. sineandcosineof geodeticlatitude

3. magnitudeof diurnalaberrationvector

4. height(metres)

5. ambienttemperature(degreesK)

6. pressure(mB)

7. relativehumidity (0–1)

8. wavelength(µm)

9. lapserate(degreesK permetre)
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10. refractionconstantsA andB (radians)

11. longitude+ eqnof equinoxes+ “sidereal∆ UT” (radians)

12. localapparentsiderealtime (radians)

Thesemaybecalculatedusingsla_AOPPA . NotethatapsGrommit is only appropriatefor asingleexposure.

Oncethe psGrommit hasbeencalculated,the functionssla_OAPQK andsla_AOPQK convert from the
tangentplaneto thesky, andthesky to thetangentplane,respectively. (Note that“observed” in SLALIB refers
to thetangentplane,and“apparent”refersto theapparentpositionon thesky.)

1.2.7 The One-to-Many Problemwith MosaicCameras

ThePan-STARRSfocal planeconsistsof severalchips,sowe will oftenwant to identify which chip a source
lies on,whenweknow thecoordinatesin thefocalplane.This is anexample of theone-to-many problem(one
coordinate,many chipsthatit maylie on).

If thisneedsto berepeatedfor only one(or asmallnumberof) focalplanecoordinates,thenthefastestmethod
is to simply convert the focal planecoordinatesto chip coordinatesfor eachof the chips,anddeterminefor
whichof thechipsthechipcoordinatesarevalid (i.e. on thechip).

On theotherhand,if thisneedsto berepeatedfor many sourcefocalplanecoordinates,thenit is mostefficient
to convert thecentersof eachof thechipsto coordinatesonthefocalplaneandto usethedistanceof thesource
to eachof thecentersto optimisewhichchipsaretestedfirst. Thissavestestingmany chipsfor everysource.

1.2.8 GeneralAstronomyFunctions

Theairmassis calculatedusingtheSLALIB functionsla_AIRMAS .

Theparallacticangleis calculatedusingtheSLALIB functionsla_PA .

To calculatethe parallaxfactors,get the mean-to-apparentparameters (sla_MAPPA) for a meanepochof
2000.0,and,given themeanpositionof interest,calculatetheapparentposition(sla_MAPQK) for a parallax
of 1.0arcsec(α1, δ1), andaparallaxof 0.0arcsec(α0, δ0). Thentheparallaxfactorsin radiansare:

Px = 3, 600(180◦/π)(α1 − α0)cos(δ0) (113)

Py = 3, 600(180◦/π)(δ1 − δ0) (114)

1.2.9 Positionsof Major Solar SystemObjects

TheSLALIB functionSLA_RDPLANreturnstheapparentpositionof aspecifiedplanet,or theMoon.

To calculatethepositionof theSun,usesla_EVP to getthepositionof theearthrelativeto theSun,andconvert
from thecartesiancoordinatesto sphericalusingsla_DCC2S , andcalculatethepositionon theoppositeside
of thesphere(α → α + 12hrs andδ → −δ).
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1.2.10 Missing and Todo

[defineSINC, LAGRANGE interpolation]

[definesunrise,sunset,sunposition]

[definemoonrise,moonset,moonposition, moonphase]

[defineplanet functions]

[cleanup FITS I/O issues]

[defineBrent’s method& minimization bracketing]

A ChangeLog

A.1 Changesfr om version06 to version07

• Reworkeddiscussionaboutlookuptablesfor psTime .

• Moveddiscussionof lookuptablesfor ∆UT, xp andyp into theSDRS,alongwith morethoroughspeci-
fication.

IPPADD 27 September9, 2004


