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rotation. In the following, we call the final value, ¢3, the scalarvalue; note that other sources(e.g., MathWorld) may
chooseo call thefirst valuethe scalarvalue.

The conjugateof a quaterion,q = (qo,¢1,92,43), IS¢ = (—q0, —q1, —g2,¢3). Note that the vector componentsare
negated but not the scalarcomponent.

3.3.2 Quaternion for a position

Givenanangulamositiononthesky, (a, §), we canconstructaquaterniorby treatingit asa unit vectorin cartesiarspace:

pyp = cosdcosa (81)
p1 = cosdsina (82)
pe = sind (83)

andwe setthe scalarvalueto zero,p3 = 0.

Givenaquaternionp, we cancalculatethe positionusingtheinverseof the above equations:

¢ = arctan(py,po) (84)
6 = arcsin(pz) (85)

where¢ is thelongitudeand@ is the latitude. Note thatin this casewe neglectthe scalarcomponenbf the quaternion—
it shouldbe zero.

3.3.3 Quaternion for arotation

A rotationof angle# aboutthe axis definedby the unit vector (v, vy, v,) is specifiedoy a quaterniorwith components:

ro = v,sin(0/2) (86)
1 = vysin(0/2) (87)
re = w,sin(8/2) (88)
rg = cos(6/2) (89)

Note that the sine and cosineare taken of the half-angleof the rotation. Note alsothat this implies that the quaternion
componentarenormalizedsuchthat|r| = r3 + 72 + 73 + 73 = 1.

3.34 Multiplication of quaternions

Giventwo quaternions: andb, thereis athird quaternionp = ab. The component®f p aregivenby:

po = bzap+ bear — bras + boas (90)
p1 = —beag + bzai + bpas + bias (91)
p2 = biag — bpai + bzaz + baas (92)
p3 = —bpag — biar — boas + bzas (93)
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Notethatquaterniomrmultiplicationis associatie (whetheryou do theleft pair or theright pair first doesnt matter):
(ab)e = a(bc) (94)
but not commutatve (you cant switchthe orderof the operands):

abc # ach (95)

3.3.5 Rotating a Vector

Rotationof a positionis performedby constructinghe quaterniorfor the position,p, andtherotation,r, accordingto the
above equationsandcalculatingthe product:

q=rpr (96)
q is the quaterniorof theresult. Note the useof the conjugateof therotationquaternion.

A generalrotation may be specifiedby threeindividual rotationsabouta predefinedset of axes. We chooseto specify
rotationsaroundthe z, y andz axes,in thatorder The amountof rotationaroundeachof theseaxesareknown asEuler
angles.Giventhe Euleranglesof arotation,the rotationmay be performedby rotatingin turn aboutthe designatedxes.
Euler anglesare specifiedbelown for the variousrotationsrequired. To usethem, the following rotation quaternionsare
used:

e First,aboutthe Z axis:

To = 0 (97)
rn = 0 (98)
ro = sin(ap/2) (99)
ry = cos(ay,/2) (100)
e SecondabouttheY axis:
so = 0 (101)
s1 = sin(d,/2) (102)
s2 = 0 (203)
s3 = cos(dp/2) (104)
¢ Finally, aboutthe Z axisagain:
to = 0 (105)
t1 = 0 (106)
to = sin(¢p/2) (207)
t3 = cos(¢p/2) (108)

Thesethreequaternionsnay be multiplied togetherto yield the quaternionof the combinedrotation: ¢sr (notethe order
— r is donefirst, soit is nearesthe positionquaterniongtc.).

IPPADD 26 July 7, 2005



Pan-STARRSImageProcessingPipeline PSDC-430-006-11

3.3.6 Rotation Matrix

Therotationmatrix representationf arotationmaybederiveddirectly from the quaterniorrepresentationT hefollowing
formulaecorvert a quaternionto a rotationmatrix:

Totye = Qogo — q191 — 4292 + 4393 (109)
rotyy = —qoqo + q1q1 — q2G2 + 4393 (110)
rot,, = —qoqo — q191 + G2G2 + q3G3 (111)
rolzy = 2(qoq1 + q293) (112)
roty; = 2(qoq1 — q293) (113)
rotz, = 2(qoq2 — q193) (114)
rot,: = 2(qog2 + q1q3) (115)
roty, = 2(q1g2 + qog3) (116)
rot,y = 2(q192 — qog3) (117)

3.3.7 Conversion to Other Representations

You may corvert arotationmatrix, m, to a quaternionp, with thefollowing code:

doubl e di ag_suni 3];
i nt maxi;
doubl e reci p;

diag_sunf0] =1+nf O] [O] -n{ 1] [1]-n{ 2] [2];
diag_sunf1] =1-nf O] [O] +n{ 1] [1] -n{ 2] [2];
diag_sunf 2] =1-nf O] [O] -n{ 1] [ 1] +n{ 2] [2];
di ag_sunf 3] =1+nf O] [O] +n{ 1] [ 1] +n{ 2] [ 2] ;

maxi =0;
for(i=1;i<4;++i) {
i f(diag_sunii]>diag_suninmaxi]) maxi=i;

}

p[ maxi ] =0. 5*sqrt (di ag_sunf maxi]);
reci p=1./(4.*p[maxi]);

i f(maxi==0) {
p[1] =recip*(n{ O] [1] +n{1][0]);
p[2] =recip*(n{ 2] [0]+n{ 0] [2]);
p[3]=recip*(n{1][2]-n{2][1]);

} else if(maxi==1) {

IPPADD 27 July 7, 2005



Pan-STARRSImageProcessingPipeline PSDC-430-006-11

p[ O] =recip*(n{ O] [1] +n{ 1][0]);
p[2] =recip*(n{1][2]+n{2][1]);
p[3] =recip*(n{2][0]-n{0][2]);

} else if(maxi==2) {
p[ O] =recip*(nf2][0] +n{ O] [2]);
p[1] =recip*(nf1][2] +n{ 2] [1]);
p[3] =recip*(nf0][1]-n{1][0]);

} else if(maxi==3) {
p[O] =recip*(n{1][2]-n{2][1]);
p[1]=recip*(n{2][0]-n{0][2]);
p[2] =reci p*(n{ 0] [1]-n{1][0]);

3.4 Ceestial Coordinate Conversions

Changedetweersphericalcoordinatesystemgie, Ecliptic, Galactic,andICRS, or Celestial ,coordinates)s equivalentto
arotationin 3D. Giventwo coordinatesystem«, § and ¢, 8 which differ by only a rotation, the transformatiorbetween
thesetwo systemsaredefinedby the following threeparameters:

¢ «, : thelongitudeof thetametsystempolein the sourcesystem

¢ J, : thelatitutde of thetargetsystempolein the sourcesystem.

¢ ¢, : thelongitudeof theascendingnodein thetamgetsystem

Note that 6, the latitude of the sourcesystempole in the tamget system,is equalto §, by symmetry Transformations
betweerarbitrarysystemsarespecifiedby determiningthe appropriatevaluesof o, é,, and¢,, andthenconstructinghe
quarternionfor this transformation.

Therelevanttrigonometricrelationshipsare:

sinf = sindcosdp — cosdsindysin(a — ayp) (118)
cos@sin(¢ — ¢p) = cosécosdysin(a — ap) +sindsind, (119)
cosfcos(¢p — dp) = cosécos(a— ap) (120)

andfor theinversetransformationsthe equialentrelationshipsare:

sind = sinfcosdy — cosfsindy, sin(¢ — ¢p) (121)
cosdsin(a —ap) = cosfcosdysin(¢p — ¢p) +sinfsind, (122)
cosdcos(a —ap) = cosBcos(p — ¢p) (123)

Sinced and ¢ have domainsof —7/2, /2, the value of theseanglesare found by applying the arcsinto the sine of
theseangles(@ = arcsinsin) which is always single-\alued and defined. The value of o — «;, may be found from
at an2(y, x) ,wherey = cos d sin(a — a,p) andz = cos  cos(a — ap); andsimilarly for ¢ — ¢,,.

Note thatthe symmetrybetweerthe two setsof abore equationaneanghatinversetransformationcanbe madesimply
by switchinga, and¢,, changingthe signof 6, andusingthe forward transformation.
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34.1 GalactictolICRS

Theappropriatevalues,from the Hipparcosand Tycho Cataloguesire:

ap, = 180° —192.85948° (124)
dp = 90° —62.87175° (125)
¢p = 90° +32.93192° (126)
(227)
3.4.2 EcliptictoICRS
Theappropriatevalues,from Zombeck are:
ap = 270° (128)
6y = 23°27'8".26 — 46".845T — 0".0059 T2 + 0".00181 T (129)
¢p = 90° (130)

whereT is thetime in Juliancenturiessince1900.

3.4.3 Precession

Approximateprecessiongoodfor modesisub-arcsecongrecisionmayberapidly calculatedusingthefollowing rotation
angles:

o, = 180° + (0°.6406161 T + 0°.0000839 72 + 0°.0000050 T"*) (131)
6, = 0°.5567530T — 0°.0001185 T2 — 0°.0000116 T> (132)
¢p = 180°+0°.64061617 + 0°.0003041 72 + 0°.0000051 7 (133)

whereT is (MIDyy — MJDiy) /36525 is the differencebetweerthe two epochsjn Juliancenturies.This precessioriorm
shallbe usedto implementPS_PRECESS ROUGH.

3.4.4 Suggested test cases
(a,6) = (0°,0°) transformsto Galactic coordinates(l,b) = (96.337272°, —60.188553°), and Ecliptic coordinates
(A, B8) = (0°,0°).

(o, 0) = (0°,90°) transformsto Galactic coordinates(l,b) = (122.93192°,27.12825°), and Ecliptic coordinatesat
J2000.00.e.,T = 1), (A, B) = (90°,66.560719°).

(e, 0) = (180°,30°) transformsto Galacticcoordinateq/, b) = (195.639488°,78.353806°), andEcliptic coordinatesat
J2100.00.e., T = 2), (A, B) = (167.072470°, 27.308813°).

For eachof theabove inputcoordinatesprecessingrom J2100to J1900givesthefollowing outputcoordinates{357.437°, —1.113°),
(358.719°,88.886°) and(177.423°,31.113°).
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