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rotation. In the following, we call the final value, ��� , the scalarvalue; note that othersources(e.g.,MathWorld) may
chooseto call thefirst valuethescalarvalue.

The conjugateof a quaterion, �������	��
���
�
����	
������ , is ������������	
�����
�
�������
������ . Note that the vector componentsare
negated,but not thescalarcomponent.

3.3.2 Quaternion for a position

Givenanangularpositiononthesky, ����
���� , wecanconstructaquaternionby treatingit asaunit vectorin cartesianspace:

� � �  "!�#$�% "!�#&� (81)
�'
(�  "!�#$�%#�)+*�� (82)
�$�,� #�)-*�� (83)

andwe setthescalarvalueto zero,� � �/. .
Givenaquaternion,� , we cancalculatethepositionusingtheinverseof theabove equations:

0 � 1�2� "3�1�*4�5�'
�
��&��� (84)6 � 1�2� �#�)-*'�5� � � (85)

where
0

is thelongitudeand
6

is thelatitude.Notethatin this case,we neglectthescalarcomponentof thequaternion—
it shouldbezero.

3.3.3 Quaternion for a rotation

A rotationof angle
6

abouttheaxisdefinedby theunit vector �87:9;
<7�=>
<7�?@� is specifiedby aquaternionwith components:

A��,� 7	9B#�)+*'� 6DC�E � (86)
A�
(� 7	=4#�)-*'� 6DC�E � (87)
A��,� 7�?F#�)-*F� 6DC�E � (88)
A � �  "!�#@� 6DC�E � (89)

Note that the sineandcosinearetaken of the half-angleof the rotation. Note alsothat this implies that the quaternion
componentsarenormalizedsuchthat G A G�H A ��JI A �
KI A ��LI A �� �NM .

3.3.4 Multiplication of quaternions

Giventwo quaternionsO and P , thereis a third quaternion,�Q� O;P . Thecomponentsof � aregivenby:

�$�,� P � O � I P � O 
�� P 
 O � I P � O � (90)
�'
(� � P � O � I P � O 
 I P � O � I P 
 O � (91)
� � � P 
 O � � P � O 
 I P � O � I P � O � (92)
�$�,� � P � O �L� P 
 O 
K� P � O � I P � O � (93)
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Notethatquaternionmultiplication is associative (whetheryou do theleft pair or theright pair first doesn’t matter):

� O;P ��� � O � P ��� (94)

but not commutative (you can’t switchtheorderof theoperands):

O:P ���� O � P (95)

3.3.5 Rotating a Vector

Rotationof apositionis performedby constructingthequaternionfor theposition,� , andtherotation, A , accordingto the
above equations,andcalculatingtheproduct: � � A � �A (96)

� is thequaternionof theresult.Notetheuseof theconjugateof therotationquaternion.

A generalrotationmay be specifiedby threeindividual rotationsabouta predefinedsetof axes. We chooseto specify
rotationsaroundthe � , � and � axes,in thatorder. Theamountof rotationaroundeachof theseaxesareknown asEuler
angles.GiventheEuleranglesof a rotation,therotationmaybeperformedby rotatingin turn aboutthedesignatedaxes.
Euler anglesarespecifiedbelow for the variousrotationsrequired. To usethem,the following rotationquaternionsare
used:

� First,abouttheZ axis:

A�� � . (97)
A�
 � . (98)
A � � #�)-*F����� C�E � (99)
A�� �  "!�#@��� � C�E � (100)

� Second,abouttheY axis:

	��,� . (101)
	�
(� #�)+*'��� � C�E � (102)
	��,� . (103)
	��,�  "!�#	��� � C�E � (104)

� Finally, abouttheZ axisagain:


 � � . (105)

 
 � . (106)

 � � #�)-*F� 0 � C�E � (107)

 � �  "!�#�� 0 � C�E � (108)

Thesethreequaternionsmaybemultiplied togetherto yield thequaternionof thecombinedrotation:

 	�A (notetheorder

— A is donefirst, soit is nearestthepositionquaternion,etc.).
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3.3.6 Rotation Matrix

Therotationmatrix representationof arotationmaybederiveddirectly from thequaternionrepresentation.Thefollowing
formulaeconvert aquaternionto a rotationmatrix:

A�� 
 9�� 9 � ���"���J� ��
���
�� ���"��� I ��� ��� (109)
A�� 
 =�� = � ��� � � � I � 
 � 
 � � � � � I � � � � (110)
A�� 
 ?�� ? � �����"���J� ��
���
 I ���"��� I ��� ��� (111)
A�� 
 9�� = � E ��������
 I ���"����� (112)
A�� 
 =�� 9 � E ��������
�� ���"����� (113)
A�� 
 9�� ? � E ���������J� ��
������ (114)
A�� 
 ?�� 9 � E ��� � � � I � 
 � � � (115)
A�� 
 =�� ?,� E ����
���� I ���"����� (116)
A�� 
 ?�� = � E ��� 
 � � � � � � � � (117)

3.3.7 Conversion to Other Representations

Youmayconvert a rotationmatrix,m, to aquaternion,p, with thefollowing code:

double diag_sum[3];
int maxi;
double recip;

diag_sum[0]=1+m[0][0]-m[1][1]-m[2][2];
diag_sum[1]=1-m[0][0]+m[1][1]-m[2][2];
diag_sum[2]=1-m[0][0]-m[1][1]+m[2][2];
diag_sum[3]=1+m[0][0]+m[1][1]+m[2][2];

maxi=0;
for(i=1;i<4;++i) {

if(diag_sum[i]>diag_sum[maxi]) maxi=i;
}

p[maxi]=0.5*sqrt(diag_sum[maxi]);
recip=1./(4.*p[maxi]);

if(maxi==0) {
p[1]=recip*(m[0][1]+m[1][0]);
p[2]=recip*(m[2][0]+m[0][2]);
p[3]=recip*(m[1][2]-m[2][1]);

} else if(maxi==1) {
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p[0]=recip*(m[0][1]+m[1][0]);
p[2]=recip*(m[1][2]+m[2][1]);
p[3]=recip*(m[2][0]-m[0][2]);

} else if(maxi==2) {
p[0]=recip*(m[2][0]+m[0][2]);
p[1]=recip*(m[1][2]+m[2][1]);
p[3]=recip*(m[0][1]-m[1][0]);

} else if(maxi==3) {
p[0]=recip*(m[1][2]-m[2][1]);
p[1]=recip*(m[2][0]-m[0][2]);
p[2]=recip*(m[0][1]-m[1][0]);

}

3.4 Celestial Coordinate Conversions

Changesbetweensphericalcoordinatesystems(ie, Ecliptic, Galactic,andICRS,or Celestial,coordinates)is equivalentto
a rotationin 3D. Giventwo coordinatesystem,��
�� and

0 
 6 which differ by only a rotation,thetransformationbetween
thesetwo systemsaredefinedby thefollowing threeparameters:

� � � : thelongitudeof thetargetsystempolein thesourcesystem

� � � : thelatitutdeof thetargetsystempolein thesourcesystem.

� 0 � : thelongitudeof theascendingnodein thetargetsystem

Note that
6 � , the latitudeof the sourcesystempole in the target system,is equalto � � by symmetry. Transformations

betweenarbitrarysystemsarespecifiedby determiningtheappropriatevaluesof � � , � � , and
0 � , andthenconstructingthe

quarternionfor this transformation.

Therelevanttrigonometricrelationshipsare:

#�)-* 6 � #�)-*��% "!�#$� � �  "!�#&�4#�)-*L� � #�)-*F��� � � � � (118)
 "!�# 6 #�)-*F� 0 � 0 � � �  "!�#&�% "!�#$� � #�)-*'��� � � � � I #�)+*��4#�)-*L� � (119)
 "!�# 6  "!�#�� 0 � 0 � � �  "!�#&�% "!�#@��� � � � � (120)

andfor theinversetransformations,theequivalentrelationshipsare:

#�)+*�� � #�)-* 6  "!�#$� � �  "!�# 6 #�)+*J� � #�)-*F� 0 � 0 � � (121)
 "!�#&�4#�)-*F��� � � � � �  "!�# 6  "!�# � � #�)-*F� 0 � 0 � � I #�)-* 6 #�)-*�� � (122)
 "!�#&�4 "!�#@��� � � � � �  "!�# 6  "!�#�� 0 � 0 � � (123)

Since
6

and � have domainsof ��� C�E 
�� C�E , the value of theseanglesare found by applying the arcsin to the sine of
theseangles(

6 � 1�2� �#�)-*L#�)-* 6 ) which is always single-valuedanddefined. The value of � �/� � may be found from
atan2(y,x), where� �/ "!�#&�4#�)-*F��� � � �>� and � �  "!�#$�% "!�#@��� � � �>� ; andsimilarly for

0 � 0 � .
Notethat thesymmetrybetweenthetwo setsof above equationsmeansthat inversetransformationscanbemadesimply
by switching � � and

0 � , changingthesignof � � , andusingtheforwardtransformation.
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3.4.1 Galactic to ICRS

Theappropriatevalues,from theHipparcosandTychoCataloguesare:

� � � M���.��L��M�� E�� �����
	���� (124)
� � � ��. � �
� E�� ���:M���� � (125)0 � � ��. � I � E�� ���;M�� E � (126)

(127)

3.4.2 Ecliptic to ICRS

Theappropriatevalues,from Zombeck,are:

� � � E �	. � (128)
� � � E � � E �����
� � � E � ��	��
� � � �
	����/� .�� � � .�.������ � I .�� � � .�. M��;M�� � (129)0 � � ��. � (130)

where� is thetime in Juliancenturiessince1900.

3.4.3 Precession

Approximateprecession,goodfor modestsub-arcsecondprecision,mayberapidlycalculatedusingthefollowing rotation
angles:

� � � M���.�� I ��.�� � �
	�.��;M��;M�� I .�� � .�.�.�.�������� � I .�� � .�.�.�.�.���.�� � � (131)
� � � . � � ������������.�� � . � � .�.�. M�M������ � � . � � .�.�.�. M�M���� � (132)0 � � M���. � I . � � �
	�.��;M��;M�� I . � � .�.�.���.�	 M�� � I . � � .�.�.�.�.��;M�� � (133)

where� is � MJD����� � MJD� � � C ����� E � is thedifferencebetweenthetwo epochs,in Juliancenturies.This precessionform
shallbeusedto implementPS_PRECESS_ROUGH.

3.4.4 Suggested test cases

���K
��	��� ��. � 
�. � � transformsto Galactic coordinates�"! 
 P � � �#��� � ����� E � E � 
��$��. � M���������� � � , and Ecliptic coordinates�&%'
�'%�K�N��. � 
�. � � .
���K
��	� �,��. � 
(��. � � transformsto Galacticcoordinates�"! 
 P � �,��M E�E�� ���;M�� E � 
 E � � M E � E � � � , and Ecliptic coordinatesat
J2000.0(i.e., �/� M ), �&%'
�'%�K�N�#��. � 
(��� � ����.��:M�� � � .
���K
��	� � ��M���. � 
���. � � transformsto Galacticcoordinates�"! 
 P ��� ��M���� � �����
	���� � 
)��� � ��������.�� � � , andEcliptic coordinatesat
J2100.0(i.e., �/� E

), �&%'
�'%�K�N��M���� � .�� E 	*�	. � 
 E � � ��.����;M�� � � .
Foreachof theaboveinputcoordinates,precessingfrom J2100toJ1900givesthefollowing outputcoordinates:������� � 	>��� � 
�� M � M�M�� � � ,������� � �:M�� � 
(��� � ����� � � and ��M���� � 	 E � � 
��;M � M�M�� � � .
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